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Abstract
The results of a DNS of the flow around a wing sec-
tion represented by a NACA4412 profile, with Rec =
400, 000 and 5◦ angle of attack, are presented in this
study. The high-order spectral element code Nek5000
was used for the computations. The Clauser pressure-
gradient parameter β ranges from ' 0 and 85 on the
suction side, and the maximum Reθ and Reτ values
are around 2, 800 and 373, respectively. Comparisons
between the suction side with ZPG TBL data show
a more prominent wake, a steeper logarithmic region
and lower velocities in the buffer region. The APG
also leads to a progressively increasing value of the in-
ner peak in the tangential velocity fluctuations, as well
as the development of an outer peak, which is also ob-
served in the other components of the Reynolds stress
tensor. Other effects of strong APGs are increased pro-
duction and dissipation profiles across the boundary
layer, together with enhanced viscous diffusion and
velocity-pressure-gradient correlation values near the
wall. All these effects are connected to the fact that
the large-scale motions of the flow become energized
due to the APG, as apparent from spanwise premulti-
plied power spectral density plots.
1 Introduction
Despite their great technological importance, the
turbulent boundary layers developing around wing
sections have not been characterized in detail in the
available literature. One of the most remarkable stud-
ies in this regard is the work by Coles (1956) 60 years
ago, where he, among other aspects, analyzed several
sets of measurements on airfoils approaching separa-
tion, and he introduced the concept of the “law of
the wake”. Progressive increase in computer power
has allowed in the recent years to perform numerical
simulations on relatively complex geometries, which
have shed some light on the physics taking place on
wing sections. Some examples are the direct numer-
ical simulations (DNSs) of Jones et al. (2008) and
the large-eddy simulations (LESs) of Alferez et al.
(2013), at Reynolds numbers based on freestream ve-
locity U∞ and wing chord length c of Rec = 50, 000
and 100,000, respectively. Nevertheless, these stud-
ies focus on laminar separation bubbles (LSBs), and
therefore do not allow to characterize the development
of the turbulent boundary layers throughout the suc-
tion and pressure sides of the wing (which will be de-
noted as ss and ps, respectively).
In the present study we report the results of a
DNS of the flow around a NACA4412 wing section,
at an unprecedented Rec = 400, 000, with 5◦ an-
gle of attack. Although incipient separation is ob-
served beyond xss/c ' 0.9 (x being the chord-wise
coordinate), the mean skin friction coefficient Cf is
always positive, which indicates that the mean flow
is attached throughout the whole wing. Note that
Cf = 2 (uτ/Ue)
2, where Ue is the local velocity at
the boundary-layer edge and uτ is the friction velocity.
Therefore the emphasis of this work is on the stream-
wise development of the turbulent boundary layers de-
veloping around the wing, and the effect of the pres-
sure gradient on the most relevant turbulent features.
2 Numerical method
In order to properly simulate the complex multi-
scale character of turbulence, it is essential to use high-
order numerical methods. The DNS described in this
work was carried out with the code Nek5000 (Fis-
cher et al., 2008), which is based on the spectral el-
ement method, and Lagrange interpolants of polyno-
mial order N = 11 were considered for the spatial
discretization. The computational domain has chord-
wise and vertical lengths Lx = 6.2c and Ly = 2c
respectively, and the periodic spanwise direction has a
length of Lz = 0.1c. As can be observed in Figure 1,
we considered a C-mesh; a Dirichlet boundary condi-
tion extracted from a previous RANS simulation was
imposed in all the boundaries except at the outflow,
where the natural stress-free condition was used. A
total of 1.85 million spectral elements was employed
to discretize the domain, which amounts to around 3.2
billion grid points. Moreover, the boundary layers de-
veloping over the suction and pressure sides of the
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wing were tripped using the volume-force approach
proposed by Schlatter and O¨rlu¨ (2012), at a chord-wise
distance of x/c = 0.1 from the wing leading edge.
The mesh was designed in order to satisfy the con-
dition h ≡ (∆x ·∆y ·∆z)1/3 < 5η everywhere in
the domain, where η =
(
ν3/ε
)1/4
is the Kolmogorov
scale and ε is the local isotropic dissipation, so that
the mesh is fine enough to capture the smallest turbu-
lent scales. This can be observed in the level of detail
obtained even in the near-wall region in Figure 1. A
comprehensive description of the setup can be found
in the work by Hosseini et al. (2016).
3 Turbulence statistics
In order to compute complete turbulence statis-
tics, the simulation was run for a total of 10 flow-over
times, which correspond to at least 12 eddy-turnover
times (defined as δ99/uτ , where δ99 is the 99% bound-
ary layer thickness) throughout the whole wing except
for xss/c > 0.9. Note that this region is subjected
to a very strong adverse pressure gradient (APG), and
therefore the turbulent scales are significantly larger
than in the rest of the wing. The boundary layers de-
veloping around the wing were characterized at a total
of 80 profiles on both sides, projected on the direc-
tions tangential (t) and normal (n) to the wing surface,
and the magnitude of the pressure gradient was quan-
tified in terms of the Clauser pressure-gradient param-
eter β = δ∗/τwdPe/dxt. Note that δ∗ is the displace-
ment thickness, Pe is the pressure at the boundary-
layer edge and xt is the coordinate tangential to the
wing surface. Figure 2 shows mean flow, Reynolds-
stress tensor components and turbulent kinetic energy
(TKE) budgets at xss/c = 0.8 and 0.9, respectively.
The boundary layer is subjected to a strong APG at
xss/c = 0.8, where the value of β is 4.1, and as can
be observed in Figure 2 (top) the APG leads to a more
prominent wake region (as also reported by Monty et
al. (2011) and Vinuesa et al. (2014)), a steeper in-
cipient log region, and reduced velocities in the buffer
layer compared with the DNS of ZPG boundary layer
by Schlatter and O¨rlu¨ (2010). Table 1 shows sev-
eral mean flow parameters of the boundary layer at
xss/c = 0.8 compared with the ZPG at approximately
matching friction Reynolds number Reτ = δ99uτ/ν
(where ν is the fluid kinematic viscosity). Note that the
difficulties of determining the boundary-layer thick-
ness in pressure-gradient TBLs were discussed by Vin-
uesa et al. (2016), and their method was considered in
the present study to calculate δ99. The APG effectively
lifts up the boundary layer and increases its thickness,
which leads to a larger shape factor H = δ∗/θ (where
θ is the momentum thickness), and also to a reduced
skin friction coefficient. The lower value of the von
Ka´rma´n coefficient κ is connected with a steeper log
law, and the larger wake parameter Π shows the strong
impact on the wake region. As shown by Monty et al.
(2011), the APG energizes the large-scale structures
in the flow, which have a strong interaction with the
outer flow (thus the impact on the wake region). These
large-scale motions are usually wall-attached eddies,
which leave their footprint at the wall and therefore
significantly affect the overlap and buffer layers. Ad-
ditional insight on the effect of pressure gradients on
the turbulent boundary layers developing around the
wing can be achieved by analyzing the components
of the Reynolds-stress tensor also shown in Figure 2.
The impact of the APG can clearly be observed at
xss/c = 0.8 on the tangential velocity fluctuations
u2t
+
: the inner peak is increased, and the effect on the
outer region is quite noticeable, as also observed by
Ska˚re and Krogstad (1994), Marusic and Perry (1995)
and Monty et al. (2011). This is associated with the
largest and most energetic scales in the flow interact-
ing with the APG, as is also noticeable from the larger
values of w2
+
in the outer region. Note that the tan-
gential velocity fluctuation profile starts to develop an
outer peak, as also observed by Monty et al. (2011),
which is connected to the fact that the structures in
the outer flow are more energetic due to the effect
of the APG. It is also interesting to note that the ef-
fect on the wall-normal velocity fluctuations v2n
+
and
the Reynolds shear stress is also significant, although
slightly less pronounced. Figure 2 (top) also shows
the TKE budget at xss/c = 0.8, and it is interesting
to note that the effect of the pressure gradient is no-
ticeable in all the terms. More specifically, the APG
leads to an increased inner peak in the production pro-
file (around 70% larger than the one in the ZPG bound-
ary layer), which is connected to the increased peak in
tangential velocity fluctuations, as well as an incipient
peak in the outer region. The effect on the dissipa-
tion is significant in the near-wall region, which shows
enhanced dissipation levels (around 90% larger than
the ZPG TBL), although the discrepancy with respect
to the ZPG case progressively diminishes as the outer
region is approached. Interestingly, the viscous diffu-
sion is also increased in the near-wall region as a con-
sequence of the APG, and when it becomes negative it
also exhibits larger values than the ZPG TBL, in this
case to balance the rapidly growing production. Be-
yond y+n ' 10 the APG profile converges to the one
from the ZPG. Therefore the interactions between the
large-scale motions in the outer region have a mani-
festation in the redistribution of TKE terms close to
the wall, as can also be observed in the increased val-
ues of the velocity-pressure-gradient correlation for
y+n < 10, which is positive, and also balances the in-
creased dissipation.
The TBL on the suction side of the wing is sub-
jected to a strong APG with β ' 14.1 at xss/c = 0.9,
and its statistics are shown in Figure 2 (bottom). The
inner-scaled mean flow is shown on the left panel of
Figure 2, and the most relevant flow parameters are
summarized in Table 1. The effects observed in the
Figure 1: Two-dimensional slice of the computational domain showing with arrows the locations where the flow is tripped.
Instantaneous spanwise velocity is also shown, where blue and red indicate positive and negative values, respectively.
The insert shows a detailed view of the flow on the suction side of the wing, and the spanwise velocities range from
−0.52 to 0.52.
moderate-APG case at xss/c = 0.8 are even more no-
ticeable in this case, where the impact on the wake
parameter, incipient log layer and buffer region is
even larger. Similar effects on the mean flow can
be observed in the experimental study by Ska˚re and
Krogstad (1994) with a comparably large β value of
19.9, at Reθ up to 39,120. Regarding the Reynolds-
stress tensor components, the first interesting obser-
vation is the fact hat the inner peak in the tangen-
tial velocity fluctuation profile exceeds the one from
the ZPG by a factor of around 2, and the outer peak
is around 33% larger than the inner one. The other
components of the Reynolds-stress tensor also exhibit
significantly larger values in the outer region com-
pared with the ZPG case, which again shows the ef-
fect of the APG energizing the large-scale motions of
the flow, and in particular the significantly modified
Reynolds shear stress shows the very different mo-
mentum distribution mechanisms across the boundary
layer under the effect of the APG. Although Ska˚re and
Krogstad (1994) did not take measurements close to
the wall, they also characterized the significantly large
peaks in the outer region of the various components of
Reynolds stress tensor. In this sense, it can be argued
that APG TBLs exhibit features of higher Reynolds
number boundary layers, as also pointed out by Harun
et al. (2013), who compared the features of TBLs
subjected to APG, ZPG and FPG conditions, and sug-
gested the possibility of connecting high Re effects in
ZPG boundary layers with the effect of APGs. In this
context, Hutchins and Marusic (2007) showed how the
energy of the turbulent structures in the log region in-
creases with Re, becoming comparable with the en-
ergy in the near-wall region. This was also observed
in the experiments by Vallikivi et al. (2015) on pres-
surized ZPG boundary layers up to Reθ ' 223× 103,
which start to exhibit a prominent outer peak in the
streamwise velocity fluctuation profile, of magnitude
comparable to the one of the inner peak. However,
a proper assessment of these effects would require
investigations of numerical and experimental nature
at much higher Reynolds numbers, in order to prop-
erly isolate Reynolds number and pressure gradient ef-
fects. Regarding the TKE budget on the right panel,
both production and dissipation profiles exceed by at
least a factor of 4 the ones of the ZPG throughout
the whole boundary layer. It is also remarkable the
emergence of an outer peak in the production profile,
which is around 40% lower than the inner production
peak. This phenomenon was also observed by Ska˚re
and Krogstad (1994) in their experimental boundary
layer with β ' 19.9 and Reθ ' 39, 120, although in
their case the magnitude of the outer peak was almost
as large as the one from the inner peak, and they found
it farther away from the wall: at y/δ ' 0.45, whereas
in our case it is located at y/δ99 ' 0.35. It can be
argued that the discrepancy in magnitude and location
of this outer peak is caused both by APG strength and
Reynolds-number effects. Ska˚re and Krogstad (1994)
also showed that there was considerable diffusion of
turbulent kinetic energy from the central part of the
boundary layer towards the wall, which was produced
by the emergence of this outer peak. Since in our case
the outer peak of the streamwise velocity fluctuations
is larger than the inner peak, but in the production
profile the outer peak is smaller, it could be conjec-
tured that the APG effectively energizes the large-scale
motions of the flow, and eventually these more ener-
getic structures become a part of the production mech-
anisms characteristic of wall-bounded turbulence. The
high levels of dissipation observed in our case also
far from the wall were also reported in the experiment
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Figure 2: (Left panel) Inner-scaled mean flow (with reference low-Re values κ = 0.41 and B = 5.2), (middle panel) inner-
scaled Reynolds-stress tensor components and (right panel) TKE budget scaled by u4τ/ν. Reynolds stresses are rep-
resented as: tangential, wall-normal and spanwise velocity fluctuations, and Reynolds
shear stress. Budget terms are represented as follows: Production, Dissipation, Turbulent
transport, Viscous diffusion, Velocity-pressure-gradient correlation and Convection. Data ex-
tracted at (top line) xss/c = 0.8 and (bottom line) xss/c = 0.9, and compared with the ZPG data by Schlatter and
O¨rlu¨ (2010).
by Ska˚re and Krogstad (1994), and in particular they
also documented the presence of the inflection point in
the dissipation profile at roughly the same wall-normal
location as the outer peak of the production. Other
relevant terms significantly affected by the APG are
the viscous diffusion, which again shows larger values
very close to the wall to balance the increased dissi-
pation, and in this case changes sign at an even lower
value of y+n : ' 2.5. The velocity-pressure-gradient
correlation also shows significantly increased values
close to the wall compared with the ZPG case, but
as in the β ' 4.1 APG, for y+n > 10 both the vis-
cous diffusion and the velocity-pressure-gradient pro-
files approximately converge to the ZPG ones. In ad-
dition to the increased maxima of turbulent transport
and convection observed close to the boundary-layer
edge, this strong APG case exhibits a relative mini-
mum of turbulent transport at approximately the same
location as the outer production peak, which is inter-
esting because beyond this location this term changes
sign. This suggests that the very strong production in
the outer region leads to additional negative turbulent
transport to balance, together with the dissipation, this
locally increased production level.
4 Spectral analysis
In order to further assess the characteristics of the
boundary layers developing around the wing section,
Parameter xss/c = 0.8 xss/c = 0.9 ZPG DNS
Reτ 373 328 359
β 4.1 14.1 ' 0
Reθ 1,722 2,255 1,007
H 1.74 2.03 1.45
Cf 2.4× 10−3 1.2× 10−3 4.3× 10−3
κ 0.33 0.23 0.41
B 2.08 -2.12 4.87
Π 1.35 1.83 0.37
Table 1: Boundary-layer parameters at xss/c = 0.8 and 0.9,
compared with ZPG results by Schlatter and O¨rlu¨
(2010).
their energy distribution is studied through the analy-
sis of the inner-scaled spanwise premultiplied power
spectral density of the tangential velocity kzΦ+utut ,
shown at xss/c = 0.8 and 0.9 in Figure 3. The first
interesting feature of these spectra is the fact that they
exhibit the so-called inner-peak of spectral density, at
a wall-normal distance of around y+n ' 12, and for
wavelenghts of around λ+z ' 120. This was also ob-
served in the LES of ZPG boundary layer by Eitel-
Amor et al. (2014) up to a much higher Reθ = 8, 300,
and is a manifestation of the inner peak of the tangen-
tial velocity fluctuations discussed in §3. In fact, the
value of this inner peak is also highly affected by the
pressure gradient: at xss/c = 0.8 it takes a value of
around 5, which is larger than the value of approxi-
mately 4 in ZPG TBLs, and at xss/c = 0.9 it rises
up to 6. This behavior strongly resembles the one
of the tangential velocity fluctuations, and highlights
the connection between the coherent structures in the
boundary layer and the turbulence statistics. More-
over, the wavelength λ+z ' 120 corresponds to the
characteristic streak spacing in wall-bounded turbu-
lence, as shown for instance by Lin et al. (2008). In
this context, it is also interesting to note that the do-
main is sufficiently wide to capture the contributions
of all the relevant turbulent scales in the boundary
layer, even in the strongly decelerated and very thick
boundary layer conditions found at xss/c = 0.9.
Regarding the spectra in the outer region of the
boundary layer, it is first interesting to note the emer-
gence of an outer peak with a value of inner-scaled
power spectral density of around 4 at xss/c = 0.8.
The very strong APG found at xss/c = 0.9 leads to a
power spectral density level on the outer region larger
than the one in the inner region of the boundary layer,
with an inner-scaled value of around 8. The connec-
tion with the streamwise turbulence intensity profiles
is again clear in the development of the outer region,
since at xss/c = 0.8 the outer peak is also slightly be-
low the inner one (but of the same magnitude as the in-
ner peak in a ZPG boundary layer), and at xss/c = 0.9
also in the u2t
+
profile the outer peak is larger than
the inner one. Therefore, the progressively stronger
APG energizes the large-scale motions of the flow,
which on the other hand have a footprint in the near-
wall region responsible for the increase of energy in
the buffer layer. The emergence of this outer spectral
peak was also observed by Eitel-Amor et al. (2014) in
their ZPG simulations at much higher Reynolds num-
bers, with an incipient outer peak at Reθ ' 4, 400
which started to become more noticeable at around
Reθ ' 8, 300. Note that in their case the spectral den-
sity level in the outer region was significantly lower
than the one in the inner region, and therefore much
higher Reynolds numbers would be necessary in a
ZPG boundary layer in order to reach similar outer
energy levels. On the other hand, Eitel-Amor et al.
(2014) observed the emergence of the outer spectral
peak at around λz ' 0.8δ99, whereas the results in
Figure 3 show that in the suction side of the wing the
outer peak emerges at around λz ' 0.65δ99. Due
to the significantly lower Reynolds numbers present
in the wing, it is difficult to assess whether this dif-
ference in the structure of the outer region is due to
a fundamentally different mechanism in the energiz-
ing process of the large-scale motions from APGs and
high-Re ZPGs, or whether this is due to low-Re ef-
fects. In any case, and as also noted by Harun et al.
(2013), the effect of the pressure gradient on the large-
scale motions in the flow has features in common with
the effect of Re in ZPG boundary layers, and there-
fore further investigation at higher Reynolds numbers
would be required to separate pressure-gradient and
Reynolds-number effects.
Figure 3: Inner-scaled spanwise premultiplied power spec-
tral density of the tangential velocity kzΦutut/u
2
τ .
Spectra calculated at (top) xss/c = 0.8 and (bot-
tom) xss/c = 0.9. White crosses indicate the lo-
cation y+n = 12, λ+z = 120, white solid lines de-
note the inner-scaled boundary layer thickness δ+99,
and white dashed lines show the position λz '
0.8δ99. Black solid lines indicate contour levels
of 1 and 3.8 at xss/c = 0.8, and 1.5, 5 and 7 at
xss/c = 0.9.
5 Conclusions
In the present study we perform a DNS of the flow
around a wing section represented by a NACA4412
profile, with Rec = 400, 000 and 5◦ angle of at-
tack. The high-order spectral element code Nek5000 is
used for the computations, which are carried out with
16,384 cores on the Cray XC40 system “Beskow” at
KTH, Stockholm. The Clauser pressure-gradient pa-
rameter β ranges from ' 0 and 85 on the suction
side, and thus this TBL is subjected to a progressively
stronger APG. The first effect of the APG on the mean
flow is the more prominent wake, reflected in a larger
U+e and a larger wake parameter Π. In addition to this,
the APG produces a steeper logarithmic region, which
is characterized by lower values of the von Ka´rma´n
coefficient κ and B, as well as decreased velocities
in the buffer region. These effects, which were also
observed by Monty et al. (2011) and Vinuesa et al.
(2014), are due to the fact that the APG energizes the
largest scales in the flow, which become shorter and
more elongated, and have their footprint in their near-
wall region. Also, these manifestations of the APG
become more evident as β increases. Moreover, com-
parisons of the Reynolds-stress tensor showed a pro-
gressive increase in the value of the inner peak of the
streamwise turbulence intensity profile, as well as the
development of an outer peak which in the strong APG
case (β ' 14.1) exceeds the magnitude of the in-
ner peak. Note that the development of a more en-
ergetic outer region with increasing β is also observed
in the wall-normal and spanwise fluctuation profiles,
as well as in the Reynolds shear stress. Comparison
of the TKE budgets also shows the different energy
distribution across the boundary layer when an APG
is present, with increased production and dissipation
profiles throughout the whole boundary layer. The
emergence of an incipient outer peak in the production
profile is observed at β ' 14.1, phenomenon which
was also reported by Ska˚re and Krogstad (1994). The
increased dissipation leads to larger values of the vis-
cous diffusion and the velocity-pressure-gradient cor-
relation near the wall in order to balance the budget.
Analysis of the inner-scaled premultiplied span-
wise spectra showed the presence of the inner spec-
tral peak at around y+n ' 12 and λ+z ' 120, in
agreement with the observations by Eitel-Amor et al.
(2014) in ZPG TBLs at higher Reθ up to 8, 300. As
in the inner peak of u2t
+
, the spectral near-wall peak
increases with the magnitude of the APG, as a con-
sequence of the energizing process of the large struc-
tures in the flow, which have their footprint close to the
wall. Also as a consequence of this energizing process,
an outer spectral peak emerges at strong APGs with
β ' 4.1, which is responsible for the development
of larger outer region values in all the components of
the Reynolds stress tensor. This spectral outer peak
is observed at wavelengths of around λz ' 0.65δ99,
closer to the wall than the outer peak observed at
Reθ ' 8, 300 by Eitel-Amor et al. (2014) in the ZPG
case, with λz ' 0.8δ99. At this point it is not possi-
ble to state whether this difference arises from low-Re
effects, or from a mechanism of energy transfer to the
larger scales fundamentally different between high-Re
at ZPG and the effect of the APG.
Future studies at higher Reynolds numbers will be
aimed at further assessing the connections between
the effect of APGs on the large-scale motions in the
flow and the effect of Re in ZPG boundary layers,
in order to separate pressure-gradient and Reynolds-
number effects.
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